CONGRUENCE REPRESENTATIONS IN ALGEBRAIC
NUMBER FIELDS(*)

BY
ECKFORD COHEN

1. Introduction. In a recent paper [6] the author discussed arithmetic
functions defined on residue class rings in the rational field. The basic ideas
of that paper were later extended to the case of algebraic fields [7]. Arith-
metic functions in the algebraic case were defined as follows:

Let F be a finite extension of the rational field and let 4 be an arbitrary
integral ideal (4 0) of F. If K is an arbitrary fixed field of characteristic
zero containing all the roots of unity, then we say that a single-valued func-
tion f is (4, K) arithmetic if, for all integers BEF, f(8) €K and f(8) =f(3")
when =3’ (mod 4).

Denoting the ideal different of F by b, we choose an integral ideal B such
that (B, A)=1 and {=B/A4b is principal. (This may be accomplished by
choosing B to be any ideal prime to 4 lying in the same ideal class as Ab.)
Then we define a function ¢,(8) for integral values of the argument 8 by

(1.1) 6(B) = e2ritr B

where v is an arbitrary integer of F and tr represents the trace in F. If we
denote the norm of 4 by N(4) =N, and the ring of residue classes (mod A)
by R(4), we see that there exist N(4) functions ¢,(8) corresponding to the
elements » of R(A). These are the exponential functions of Hecke [14, p. 220],
which furnish the simplest examples of (4, K) arithmetic functions. These
functions possess the basic dual properties,

(1.2) B+ 8) = GV(B)ev(B/)r &1 (B) = &(B)e (B).

By taking K to be the complex field C, we may then conceive of the ¢, as
a complete set of additive characters of R(4).

Two arithmetic functions f, g admit of composition under the Cauchy
product [2; 6], defined by f-g=1,

(1.3) he) = 22 f(B)gl),
p=E+n(mod 4)
where p is an algebraic integer and the summation is over integers §, 7 dis-
tinct (mod 4) such that p=§£+47 (mod 4). It is clear how (1.3) may be ex-
tended to give Cauchy products of an arbitrary number of functions.
In [7] the foundations of a theory of arithmetic functions and their
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Cauchy products were sketched. It was shown that the set of all (4, K)
arithmetic functions forms a commutative semisimple algebra. A principle
relating to the number of solutions of equations in the ring R(4) was also
proved (see Theorem 3). It is the twofold purpose of this paper to illustrate
the algebraic viewpoint with a discussion of certain subalgebras of arith-
metic functions, and to apply the additive principle noted above to certain
congruence problems arising in algebraic fields.

One of the simplest and most useful arithmetic functions is the Rade-
macher sum [20, §2.2] which gencralizes the familiar Ramanujan sum. This
function forms the basis for the discussion in §3 illustrating the algebraic
properties of arithmetic functions. The results of this section generalize
results for the rational case proved in [6, §3]. We note in particular an exten-
sion to algebraic fields of Carmichael’s orthogonality relation for Ramanujan
sums [3, §1].

In §5 the important Hecke sum [14, (166)], generalizing the ordinary
Gauss sum, is discussed in the case of a prime power ideal. A related ex-
ponential sum denoted by T is also introduced and evaluated in §5.

With the exception of §2 the remainder of the paper has to do with ap-
plications of the above mentioned sums to congruence problems in algebraic
number fields. The purpose of §4 is to determine the number of representa-
tions of an algebraic integer as a sum of products in the multiplicative group
of the ring R(4). More precisely, we find the number of solutions x;;, prime
to A4, of the congruence

(1.4) p=ouXycc xn+ -+ %, - %, (mod 4),

where p is an arbitrary algebraic integer and the «; are integers, of which at
least one is prime to A. The result for this problem is quite simple and fol-
lows naturally as an application of the Rademacher sum alone. This prob-
lem is a threefold generalization of one considered in [6, §5].

§86, 7, and 8 are devoted to the question of quadratic congruences, in
particular to the problem of finding the number of solutions £; of

(1.5) p=aifs 4 - - + b (mod A)

where 4 is an arbitrary odd ideal, p is an arbitrary integer of F,and oy, - - -, c,
are integers of F prime to A. On the basis of the additive principle in Theo-
rem 3, formulas involving the Hecke, Rademacher, and T sums are shown
to yield the number of solutions of (1.5). The case of s even leads to a formula
involving only the Rademacher function (6.12), while the corresponding
formula in the odd case involves all three (7.18). The formulas in both cases
are evaluated completely, the final result in the even case (6.6) being slightly
simpler than that of the odd (7.10). Finally in §8 special cases of (1.5) are
considered; for example, Corollary 6 gives the number of solutions of (1.5)
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in case 4 is prime, a problem equivalent to one solved earlier by Dickson.
It is also shown (Theorems 12 and 13) that the smallest s for which (1.5) is
solvable for all p, all odd 4, and all a; prime to 4 is s=3. Explicit criteria
for the solvability of (1.5) in the case s=2 are also obtained (Theorem 13).

We point out that the problem of representing an algebraic integer as a
sum of squares relative to an ideal modulus was considered in 1913 by Klotz
[16]. However, aside from a new proof of Dickson’s formulas on sums of
squares in a Galois field, mentioned above, Klotz’s results are largely implicit
in nature. His method was a partial generalization of the approach employed
by Minkowski for the rational case [18]. While Minkowski based his method
in part on the theory of exponential sums, Klotz considered this aspect of
Minkowski’s method to be “nicht iibertragbar” to the case of arbitrary alge-
braic fields. Actually, as the present paper demonstrates, the theory of expo-
nential sums can be applied to the algebraic case and, in fact, without the
necessity of reducing the problem to one involving a prime ideal modulus,
corresponding to Minkowski's treatment of the rational case. That this was
possible is due to the introduction of exponential methods in algebraic num-
ber fields by Hecke [14, chap. 8]. Other applications of such methods have
been made by Siegel [21; 22] in the case of sums of squares and mth powers
and by Rademacher [20] and Whiteman [23] to sums of primes in algebraic
fields.

2. Some basic theorems. The first four theorems of this section are re-
sults proved in [7]. Since they are fundamental in the applications to follow
we restate them all in full. In this section, as in the rest of the paper, F will
be a fixed finite extension of the rationals and A4 a fixed integral ideal of F.
In theorems involving applications, the field of values K may be taken to be
the complex field. In all other cases K may be assumed to be any field of
characteristic zero containing the Nth roots of unity (N=N(4)), since no
other restrictions on K are actually needed to guarantee the validity of the
results of this section.

We introduce the following alternative notation for e,,

(2.1) 6.:(8) = &(B) = e(v),

for use in places where confusion might otherwise result. Note that for integral
0,

(22) 60,8 = €. (g‘, = ?0)'
Following Hecke [14, p. 220] we call 4 and B the denominator and numer-
ator, respectively, of { =B/Ab, (B, 4) =1. We shall refer to { as the associated
fraction of ¢,=¢,; and unless there is explicit statement to the contrary, we

shall assume B to be fixed in the definition of ¢.
We first recall the following useful lemma [14, p. 220; 21, Lemma 7].

LeEmMA 1 (HECKE-SIEGEL).
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0 (v # 0 (mod 4)),
N(4) (v = 0 (mod 4)),

(2.3) 2 &B = {

B(mod A)
where (3 runs over a complete residue system (mod A).

This lemma follows directly from [14, Theorem 101] and the definition
of ¢,. We also note the following dual of Lemma 1:

LemmA 1’ (HECKE-SIEGEL).

: (B # 0 (mod 4)),
2.4 6(8) =
24 y(nEA) ®) {N(A) (B =0 (mod 4)).

The duality between (2.3) and (2.4) may be viewed as a special case of
the duality relation arising in the general theory of characters of finite abelian
groups [13, §13.3]. In the following we shall refer to Lemmas 1 and 1’ col-
lectively as the Hecke-Siegel Lemma.

REMARK 1. Before proving the main results of this section, we observe
that, if 4 =A.4. and if C is chosen prime to 4, such that 4,C=# is principal,
then the set a+6f ranges over a complete residue system (mod 4) as a and
range over complete residue systems (mod 4,) and (mod A,) respectively.
Thus the number of residue systems (mod A4,) contained in R(4) is equal to
N(4,).

As a direct consequence of Lemma 1 we have

THEOREM 1. If p, v, v' are integers of F, then

0 v # ),
(2.5) o6 = D, gla)e(p) = { (7 )

p= a+f(mod 4) N(A)fr(P) (V = 1")-

From this result it follows that the ¢, are linearly independent relative to
K. We may deduce then without difficulty the fundamental

THEOREM 2. Every (4, K) arithmetic function f can be represented in one
and only one way in the form

(2.6) fB) = 2. @& (a, € K).

v(mod A)

The coefficients a, are in fact given by

1
2.9 a, = —— &(—§£).
(2.7) NA) E(HEA)J‘(E) (—%)

On the basis of Theorems 1 and 2 we can now deduce an important addi-
tive principle which will be applied in §§4, 6, 7 to obtain the solutions of the
congruence problems described in the Introduction. This principle can be
formulated in the following manner:

Let S be a system of representatives (mod 4) and let Z; (i=1, - - -, 5)
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be a finite set of integers of F, not all necessarily different, such that each
¢EZ; is also contained in S. We place f;(\) =c if N\ is congruent (mod A4) to
an element of S which appears ¢ times in Z;. Thus the number A(p) of ordered
sets (&1, - - -, &) such that £,E€Z; and £+ - - - +£&,=p (mod A4) is given by
the extended Cauchy product, fi - - - f,, and we thus have

THEOREM 3.

1 K
(2.8) Alp) = —— 2 ev(p)H< 2 é»(—E)),

N(A) v(mod A) i=1 \ :€2;
the interior sum being extended over all integers of Z;.

We note now that the set ©,4(K) of all (4, K) arithmetic functions forms
a ring relative to the operations of Cauchy multiplication and ordinary addi-
tion of functions. Theorem 2 can be reformulated to give an algebraic char-
acterization [10, Chapter 4] of the ring S4(K):

THEOREM 4. The ring S4(K) of all (A, K) arithmetic functions is a com-
mutative semisimple algebra which can be expressed as a direct sum of N(A)
fields R,

(2.9) SaK)=8:1® -+ @ &,
where each R.2K, 8 =8:, R:R;=0 (15)).

The results above are all generalizations of results appearing in [6]. We
now prove an additional theorem, of importance in §3, which extends [6,
Lemma 4] to arbitrary algebraic fields. Before stating the theorem we intro-
duce some notation.

Let 4, B, ¢ be defined as above and suppose 4, and A4, are ideals dividing
A. We write

(2.10) Ay = A'E,, Ay = A'Es, A* = E\E.A’, (L, E») = 1,
and choose ideals C’, C;, C; such that

(2.11) A'C" = o, EC, = ay, ECr = a, (C'CiCsy 4) =1,
where &/, a1, az are principal and

(2.12) Ci=Cy=1 if E\ = E, = 1.
We also take

(2.13) B = BC.C:C'/d, 1= B/aaa’, (2= B/asd,

so that {1, {2 have denominators 4, 4, respectively. We now prove

THEOREM 5. If u, v are integers of F, (u, A1) = (v, Ay) =1, where A, and Az are
1deal divisors of A, then
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N(A)eu s, Ay = As, p = v(mod 4,)),
(2.14) = = Z et ()6 ra(n) = (A)ewsi(p) ( “ (mod 4,))

p={+n(mod A) .
0 (otherwise).

Proof. We place n=p—¢ and, using the additive property of the trace,
we get by a simple calculation,

(2.15) 2 =e6nk) 2 er®),
£(mod A)
where
(2.16) W = pas — vay, & = B/ajaa’ = B/bA*.

We place 4 =A*4, so that £ in (2.15) runs over N(4) residue systems
(mod A4*). Therefore

(2.17) 2 =6n0) NA) 2 er®).

t(mod A*)

We are now in a position to apply the Hecke-Siegel Lemma with 4*, ¢*
replacing A4, { respectively. It thus follows that Z0 if and only if
w=0 (mod 4*). This condition would imply that ua;=0 (mod E,) and, since
(u, E1) =1, that ae=E;C;=0 (mod E,). But (E,, C:) =(E,, E;) =1; therefore
it must follow that E;=1. Similarly, w=0 (mod A*) implies that E,=1,
A1=A;=A"=A4%* and, by (2.12), Ci1=C,=1, so that consequently oy =a,=1.
Thus the condition =0 (mod 4*) gives u=v» (mod 4,), and therefore =0
implies that 4,=4,, p=» (mod 4,).

But the converse is also true, for if 4,=A4,, then we may take E;=E,
=(C;=C:=1, and hence ay=a,=1. If in addition p=» (mod 4,), then w=0
(mod A*). We have thus shown that

(2.18) z#O(——)A1=A2, ,uEv(modAl).

In such a case we have {1={={*; consequently ¢, ,(p) =€,..;,(p), and by the
Hecke-Siegel Lemma, = = ¢,;,(0) N(4) N(A*) =€, ;,(p) N(4), which proves the
theorem.

It may be noted that in case F is a principal ideal field, a less involved
proof along the lines of the rational case [6, Lemma 4] can be constructed
for the above theorem.

3. Subalgebras related to Rademacher’s sum. By Theorems 2 and 4 the
ring ©4(K) of all arithmetic functions is semisimple with orthogonal basis
given by the functions 1/N(4)-¢,(8), where v ranges over a complete set of
residues (mod A4). The unit element of &4(K)=@ is, by (2.4),

1 {1 (8 = 0 (mod 4)),

6.1 T 3@ Zo®® " 0 (8% 0(mod 4)).
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The set of all functions of the form

(3.2) 2 aelB), e, € K,

(,4)=1
where u ranges over a reduced set of residues (mod 4), is an ideal of & with
unit element,
(3.3) I, =1/N(4)-R(8, 4), Ra=R(@B, A)= 2 el®).
(u,4)=1

The function R(8, 4) is the Rademacher function [20, §2.2] and has the
following important properties:

A
(a) R@B, 4) = 2. N(Ba (—)
ElA.8) E
where E ranges over the ideal divisors of (4, B) and 7 is the Mébius function
in F.

(b) R(B, AA") = R(B, A)R(B, 4") if (4,4') =1

(c) R(B, 4) is independent of the choice of the numerator of the fraction
¢ associated with Ry.

(d) R(B, 4) = R(—8, 4).

An example of a subalgebra of &, not an ideal, is given by the set of all
elements of the form Y a4, R(8, A;) where the A, range over the divisors
of 4. Before showing this we prove

LEMMA 2. Let A;A;=A and let L; be an integral ideal, prime to A;, such
that A;L;=0; is principal. Then the set of numbers uf,;, where u; ranges over a
reduced set of residues (mod A;) and A; ranges over all divisors of A, forms a
complete residue system (mod A4).

Proof. The number of such elements uf; is given by

2 6(4) = V(4)

AGlA
where ¢ is the Euler ¢-function in F. Analogous to a familiar result in the
rational case [12, Theorem 262] we have

(3.4) V(4) = N(4).

(This result follows easily for a prime power ideal A =P* and on the basis
of the factorability of ¢, V, N, it follows for arbitrary ideals 4.) Moreover,
no two of the elements uf are congruent (mod 4), for if uf;=»;0; (mod 4),
where (v;, Aj)=1and 4;, 4;, L; are as defined above, then we get u,4;L;=0
(mod 4;). Multiplication by 4.4 ; leads to u;4;L;=0 (mod 4;). But since
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(wiy A)=(Li, A5)=1, then A;|4; Similarly 4;4; and i=j. Further,
udi=vh; (mod A) implies u;=v; (mod 4,).
We also have the related

LemMA 3. Following the notation of Lemma 2, the set of elements v§;,
where v; ranges over a complete set of residues (mod A;), forms the totality of
elements & of R(A) such that 4,|8.

This lemma follows from Remark 1 of the preceding section.
We now prove

THEOREM 6. The set of all functions M =M4(K) of the form
(3.95) w= 2 anR(B, 42,

A;lA
A; ranging over all ideal divisors of A and a4, over all elements of K, is a semi-
simple subalgebra of &, with orthogonal basis given by the totality of elements
1/N(A)-R(B, A;) and with unit element identical with that of ©.

Proof. We have simply to consider the Cauchy product of two elements
Ru4;, say Ru,, R4, By property (c) above, Ry, is independent of the choice
of numerator in the associated fraction {;. In performing the product R4, R4,
we may therefore choose {; and {, satisfying the conditions of (2.10)—(2.13).
This will enable us to apply Theorem 5. We have then

RayyRiy= 2. R, AR, 42)
p=a+tf(mod A)
= Z Z eﬂ.i‘x(a)e'-h(ﬂ)»

(1,A41)=1,(»,42)=1 p= a+8(mod 4)

where u, » range over reduced sets of residues modulo 4; and 4, respectively.
Thus by Theorem 5 one obtains

3.6) Ra. Ra, = N(A)(“,Z:);lep.n(p)=N(A)R<p,Al) (41 = 43),

0 (41 # A42).
This proves that I is semisimple with orthogonal basis 1/N(4) - Ru;,, A.-IA.
In the rest of the proof we attach to the fraction {; associated with

Ry, the value ¢;={0;=BL;/A;b, where 0; and L; are defined as in Lemma 2.
Then the unit I; of M is given by

1 1
—— Y RBA4) = — ks
N(4) ‘vr 649 =3 Z; <E>- (B}

1
Z Z eueo.'.r(ﬁ)-

"V(A) Ajld (ug, A =1

But by Lemma 2, u#; ranges over a complete residue system (mod 4) as 4;
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ranges over all divisors of 4. Therefore we get, on applying the Hecke-Siegel
Lemma,

1 1 (8 = 0 (mod 4)),
(3.7) B T o) =
N(A) »(mod A) 0 (ﬂ # 0 (mOd A))'
If we specialize in (3.6) to the case 414,=4, p=0, we get
= 2 R(a, A)RB, 42) = 2 R(a, A)R(—a, 43),
a=—f(mod 4) a(mod A)
which by (3.6) and property (d) above gives
(3.8) = Y. R(a,4)R(a, 45) =0 (4, # 4,).
a(mod A49) .
If A,=A, then Z’/ becomes, by (3.6),
(3.9) 2= X, R(e, 4)R(e, 42) = N(ADR(O, 41),

a(mod A;)
but since the sum in (3.9) runs over N(4,) residue systems (mod 4,) we have
2= N4) 2 (Rl 41)* = (N(41))*R(0, 41),

a(mod 4)

2 (R(a, 41))? = N(41)¢(41).

a(mod A;)

(3.10)

Combining (3.8) and (3.10) one gets the following orthogonality property
of RA:

THEOREM 7. If A#C are integral ideals of F, then
2. (R(a, 4)* = N(4)$(4),

a(mod A)

Y. R(a, A)R(e, C) = 0.

a(mod AC)

(3.11)

In the rational case this theorem reduces to a result [3, §1] which Car-
michael found useful in the study of series expansions of arithmetic functions.
The question of extending such applications to algebraic fields arises, but
we shall not go into this question in the present paper.

4. Sums of products. Before proving the principal result of this section,
we apply Property (a) of §3 to get

LEMMA 4. If P is a prime ideal of degree f and k is a positive integer, then

PR = 1) (P*] ),
.1 R(8, P¥) = { —p/ D (P*| B, P*1B),
0 (P*148).
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We also note that if 4 has the factorization

AR

(4.2) A= P)l“ R
into powers of distinct prime ideals Py, - - -, P3, then the ring R(4) has, as
in the rational case [13, p. 53], the direct decomposition,

(4.3) R(A) = R(PY) & - - - ® R(P)Y).

Restated, the elements p of R(A) are representable as vectors, p
—(p1, + * +, pn), where each p; ranges over a complete residue system
(mod P)¥), p=p; (mod P}¥). On the basis of this vector representation, it is
easy to prove

LeMMA S. If A has the factorization (4.2) and if p, cu, + - -, s are arbitrary
integers of F, then the number of solutions ®(p, A) in x5, (x5, A) =1, of the
congruence (1.4) is given by ®(p, A) =®(p, P}) - - - ®(p, P}¥).

We next prove

THEOREM 8. If P is a prime ideal of degree f and if p, a1, - - -, s are integers

of F such that oy, - - -, a; (s=t>0) are prime to P and o; (1>1t) are divisible
by P, then the number of solutions ®,,;,1=®(p, P*) =P(p), N\>0, of the congruence
(44) p=oi¥it o xn + c + CsX1s * * * Xis (mOd P)‘)s
in x;; prime to P, is given by
(4.5) B(p) = PN — DI = D gloed),
where

-1 (p # 0 (mod P)),

q(p) = o
P —1 (p = 0 (mod P)),

and e;=+1 or —1 according as t is even or odd.

Proof. The principle in Theorem 3 relating to additive congruence prob-
lems can be applied to (4.4) to give

(4.6) (o) = p™ 2 elp) H( > e&(—aiyr - - yz)),
»(mod PN i=1 \(uj,P)=1,yj(mod P")

where the y; range independently over reduced residue systems (mod P*).
If one denotes by ¢;(v) the inner sum of (4.6), it follows in case =0 (mod P*)
that

(4.7) a(0) = 0:(0) = (¢(P))* = p/*D(p/ — 1)L
If v#£0 (mod P*), the hypothesis (s, P)=1 and Lemma 4 show that the
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product in (4.6) =0 unless P*"ll v, in which case we get
ai(v) = R(—aw, P)(¢(PM)"".
Thus, for P*‘ll v, Py, we have by (4.1),
_p/()\—l)(p/ —_ 1)!——1?[()\—1)(1—-1) a1 (1 é i é t),
oil) = {pm—m(pf — 1) = o, (i > o).

By Lemma 3, the only »#0 (mod P*) which contribute anything to (4.6),
namely all such » which are divisible by P>, can be represented in the
form y =y P»1G where (G, P) =1,0=GP*! is principal, and v ranges over a
reduced residue system (mod P). Hence we have

(4.8)

4.9) ®(p) = p™V {(6(0))’ + 2 exo.r(p) [1 0-’(")} )

v (mod P),(v,P)=1 i=1
where { =B/P*. Observing that {’ =0¢ = BG/Pb is of denominator P, we see
that (4.9) becomes

@10) o) = feOr+ T ap e,
¥ (mod P),(v,P)=1
and evaluation of (4.10) on the basis of (4.7), (4.8) and the Hecke-Siegel
Lemma leads to the theorem.
If at least one «; is prime to 4, it follows that the number of solutions of

(1.4) in x;; prime to 4 is completely determined by Lemma 5 and Theorem 8.
One notes by (4.5) that ®(p) =0 if and only if

(4.11) (# — 1)* + glp)e. = 0.

Thus, if P is an odd ideal, that is, if p>2, (4.11) can occur if and only if
t=1, PIp. If P is even, so that p=2, then (4.11) occurs if and only if either
f=1, (o, P)=1, t even, or f=1, P|p, todd, or f>1,t=1, Plp.

COROLLARY 1. If P is even of degree > 1 or if P is odd, then (4.4) is solvable
for all p, 1, and \ if and only if s=t=2.

Specializing Theorem 8 to the case /=1 we get

COROLLARY 2. If p, s, and P satisfy the conditions of Theorem 8, the number
of solutions x; prime to P of

(4.12) p=aix1+ -+ + a,x, (mod P)
is given by
(4.13) ®y(p) = P/ — D) — 1)t + glp)er}

where ¢ and & are defined as in the theorem.
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Further specialization to the case of F rational leads to [6, Theorem 6]
which is important in the solution of the finite Goldbach problem for the
rational field [8]. Corollary 2 bears the same importance to the analogous
problem for algebraic numbers fields.

We mention finally four reduction formulas as corollaries of Theorem 8.
By Corollary 2 we verify easily

COROLLARY 3.
(4.14) B(p) = pHODED(p — 1)2CDBy(p).

This result may also be deduced from (4.13), observing that for each solu-
tion of (4.12) there are (¢(P*))*¢~D solutions of (4.4) and that all solutions
of (4.4) arise in such a manner.

COROLLARY 4.

(4.15) B(p, PY) = p/ DD (p, P).
COROLLARY 5. If s, s’ =¢t, and Is=1's’, then

(4.16) @00 = P01}

in particular,

(4.17) 0,1 = Pty

(4.18) D00 = Pye t=z0.
COROLLARY 6. If s'=s+n (s=t, n=0), then

(4.19) By e = p/IOD( — 1), 0

5. The Hecke sum and the related 7" sum. Hecke's sum [14, (166)] is
a generalization to algebraic number fields of the well known Gauss sum, and
is defined by
(5.1) SEB) = 22 &@.

¢(mod A)

In order to avoid ambiguities of sign we redefine the Hecke function in a
more precise manner.

Let us consider first the case of a prime ideal, 4 =P, N(P)=2p’. In this
case, the residue class ring R(P) is a field isomorphic with the Galois field
GF(p"), [19, §5]. We conceive of the elements of GF(p’) as polynomials

(5.2) U=a;,4+0a40 + - - - + ;01

with coefficients (mod p) and reduced modulo a fixed (primary) irreducible
polynomial E(®) of degree f.

With this representation of R(P) in mind, we define, for UEGF(p’), a
function [1, §2],
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(5.3) wu(M) = o(MU, E) = ¢*v¥l»,

where ¢ is the coefficient of /! in M U, reduced (mod E), M being an arbitrary
element of GF(p’). The function w defines an additive function, or character,
on the additive group of GF(p"): wy(M+M')=wy(M)wy(M’). Thus the
isomorphism, R(P)=GF(p’), defines a similar character on R(P), and it
follows that each wy is equivalent to some ¢,. With ¢ of denominator P, we
choose the numerator of { such that

(5.49) e(a) = e1,4() = wi(M, E) (Mo a),

where M corresponds to o under a fixed isomorphism of R(P) and GF(p’).
We refer to e(a) as the unity function of R(P), relative to the isomorphism
in (5.4). With this choice of { we now define

(5.5) S(L, P) = 2 a@®),
£¢(mod P)
(5.6) S P) = 2 al®).
¢(mod P)
In order to define S(1, P*) for fixed A\ =1, we choose C such that
(5.7) PC =0, C, P =1, (6 principal).
Next we may choose B =B, in
(5.8) $1 = O, == By/PM,

so that ¢, {; is the unity function of R(P) as defined in (5.4). With this nota-
tion we now define

(5.9 S, PY = 2 en(®),
£(mod PM)

(5.10) Sl PY) = 22 e(#).
. £(mod PM)

In the rest of the paper we assume P to be odd (p>2). On the basis of
the above notation, Hecke's Hilfssatz [14, p. 222] becomes

LEMMA 6.

(N(P)M? (N even),
(N(P))-D125(1, P) (\ 0dd).
We are thus led to an evaluation of S(1, P}):

LEMMA 7. S(1, PY) = (N(P))N2J(Nf), J(b) =5#*-D"14,

Proof. In the case A =1, the value of S(1, P) can be computed by passing
to the corresponding sum X in GF(p’), obtained on the basis of the iso-
morphism in (5.4),

(5.11) S, PN = {
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S1,P) = > wi(X? E) =3,
X (mod E)

where X is the isomorphic image of £ in (5.5). Here E is, as defined above, an
irreducible polynomial (mod p) of degree f. But by [1, Theorem 2], =
=.S(1, P) has the value p//2J(f). Moreover

{1 (N even),
-U(f) (N odd),

which proves the lemma, on applying (5.11).
As a consequence one finds that

(5.12) J(N) =

LEMMA 8.

(5.13) sx(1, PN = (—:;7)}!*,

where (—1/P) is the Legendre symbol in F.

Proof. It suffices, by Lemma 7, to show that J*(\f)=(—1/P)*. That
this is true for A even is evident. If N is odd, f even, then J2(\f) =1 by (5.12).
But for f even, since x2= —1 is solvable (mod P), that is, since x2=—1 is
solvable in GF(p’) [9, §62], it is clear that (—1/P)=1.

If \ is odd, f odd, then by (5.12),

=1 0d4 ]
T = J(1) = { (¢ =1 (mod 4))

—1 (p = 3 (mod 4)).

But in case f is odd, it is also true [9, §62; 17, Theorem 83] that
(—1)_(—1)_ { 1 (= 1 (mod 4)),
P/ \p/) -1 (p = 3 (mod 4)),

so that the lemma follows in all cases.
One may also reformulate Hecke’s Theorem [14, Theorem 155] for the
case A =P* in the following manner.

LeMMA 9.
(5.14) S, P = (%) s, P, W P) =1,

(u/P*) being the Jacobi symbol in F.

Before introducing the T sum we add to our notation. As in (5.8) we
define generally

(5.15) Sk = §6** = B,/ Pk, By = BC»* O=sk=)N),
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0, B, ¢ being defined by (5.7) and (5.8). It can be seen that ¢ (k=1) is ad-
missible as the associated fraction in the sum S(1, P*), since {;={if*!
=H01, and we place

(5.16) S(py P¥) = 2 &p () O=sk=EN.

§(mod P7)

We now define for integral p,

(5.17) T(p, P¥) = 3 &.1:(8),

£(mod P¥), (P, {)=1

where the summation is over a reduced residue system (mod P*). We now
evaluate (5.17) in the case of odd prime ideals P. By definition of T" and
Lemma 3, we get for £>1,

(5.18) T(p, P*) = Z .1 (ED) — Z . 6.0 ((£'0))

£(mod P¥) # (mod P*¥71)

where 0 is defined by (5.7). But since {#?={:—2 and since £ ranges over
N(P) =p/ residue systems (mod P*2?), (5.18) gives

T(p, P¥) = S(p, P¥) — p/ 2. &uua(¥'?)

(5.19) & (mod P
= S(p, P*¥) — p’S(p, P*?), k> 1
If =1, then we have from (5.17)
(5.20) T(p, P) = S(p, P) — 1.
We now introduce the convention
(5.21) S(p, P = p,
so that (5.19) and (5.20) can be combined to give
LeEmMmaA 10.
(5.22) T(p, P¥) = S(p, P*) — p'S(p, P*2), E2 1

Now let us suppose that ¢ is the largest non-negative integer <k such that
Pt|p. By Lemma 2, we may then assume p (mod P*) to be of the form

9%, (4, P) =1 (0=t<Ek),
5.23 =
( ) ° {0‘50, uw=1 t=5),
where 0 is defined by (5.7). Noting that
(5.24) 0%k = it (kz )

we get, on substituting (5.23) and (5.24) in (5.16),
(5.25) S(p, P¥) = (N(P))'S(u, P*H), kzt
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We also find, on applying Lemmas 6 and 9, that

LEmMMA 11.
(5.26) S(u, P¥) = N(P)-S(u, P¥2), (u, P¥) =1, k> 1.
This leads to an evaluation of T'(p, P*):

LEMMA 12. If ¢, p are defined by (5.23) and k=1, then

(5.27) T(p, P¥) = § p/*D(S(p, P) — 1) (t=%k-1,
P — 1) (t = &),

Proof. Case 1 (k>1). If t<k—2, then application of (5.25) and (5.26)
to T'(p, P*) in Lemma 10 gives T'=0. If t=k—1, one obtains, by (5.25) and
(5.22), T(p, P*)=p/*=DS(u, P)—p’S(0, P*~?), and noting that

(5.28) S0, PY) = (N(P))! = p'* (tz0,

the theorem follows in this case. If t=%, then application of (5.28) leads to
the result.

Case 2 (k=1). Two subcases arise: t=0 and t=1.If t=0, (p, P)=1, p=p,
then (5.20) gives the result for this case. If £=1, it suffices to apply (5.25) to
(5.20), using the fact that S(u, 1)=1.

We remark that T'(p, P*) has properties similar to those of the sum
R(p, P¥); a rather detailed discussion of these properties for the rational case
will be given in a paper to be published elsewhere.

6. Sums of an even number of squares. We point out first that the
quantities A\, C, B=By, { ={\, ¢, B, {&, p, 4 Will be assumed fixed for the rest
of the paper. Each will have the same significance as in §5; note, in particular,
(5.7), (5.8), (5.15), and (5.23) for the defining relations.

Before stating Theorem 9 we introduce the following new notation:

=Dy e _ym (s = 2m),
6.1 ”_( P ) '= {m+1 (s =2m4+1),
6.2) p = gpf@mrm),
1 — 0" t(1—m)
(6.3 0o - (- =
at 0O=t<)N),
(6.4) n(t) = {O oy

The quantities «; will be defined in the statement of the main theorem. On
the basis of properties (a), (b) of the direct decomposition (4.3), we have

LeMMA 13. If A is an arbitrary odd ideal of F with the factorization (4.2),
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A=P}r--- P ifp, ay, - - -, are integers of F, then the number of incon-
gruent solutions Y,(p, A) of (1.5) is given by ¥.(p, P}Y) - - - ¥.(p, Py*).

This lemma makes it unnecessary to consider any but powers of prime
ideals. We now state

THEOREM 9. If P is an arbitrary odd prime ideal, if ou, - « - , o, are integers
of F prime to P, if p is an arbitrary integer of F and t is the largest rational
integer SN such that p=0 (mod P*), then the number of distinct solutions
(mod PM), A 21, of

6.5) p=aiti + -+ + ks (mod P)
1s given, in case s=2m, m>1, by
(6.6) Vam(p) = pPCm1 — p{D(t) + g(t)p/ta-m},

Proof. We first apply Theorem 3 to get the following exponential formula
for the number of solutions of (6.5) for arbitrary s:

(6.7) o) =1 5 o ILs(-am P) (e = v

We next observe, by Lemma 2, that a complete residue system (mod P*) is
given by y#**, k=0, 1, - - - | \, where each < ranges over a reduced set of
residues (mod P*). Thus (6.7) may be written, on isolating vy =0,

A 8
(6.8) ¥u(p) = p~" {,,V. + 2 2 exnt0(p) [I S(—aiyt=, P)*}.
k=1 y(mod P*),(y,P)=1 i=1
But by the definition of ¢, (5.15), and relation (5.25), (6.8) becomes
A 3
AL NND YRESVCY | I SIESCE | B
k=1 v(mod P¥),(y,P)=1 i=1 £(mod PM)

But £ runs over N(P**) = p/®» residue systems (mod P*), so by the defini-
tion of S(u, P¥), (5.16), we get

A 3
69 Wy = et To T [ S(—am pk>}.
k=1 v(mod P¥),(y,P)=1 i=1

Applying (5.14), one obtains

2 —1)a - - a
V(o) = pPe {1 + 2 pTe (—( ) - )(5(1, PE)*
kem1 P

(6.10)
7\
: — e, (p)}-
¥ (mod P%(‘V.P)-l ( Pk) Tik
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Formula (6.10) holds for s either even or odd. If we now suppose s=2m in
(6.10), ¥, becomes

A @ a
Y2m(p) = pPemD {1 + ZI’"”“"(T> (s*(1, PH))™
(6.11) k=t

¥ (mod P"),('y,P)=l e?-!’k(p)} '
Applying now (5.13) to (6.11) we get
A
(6.12) bua(p) = premn {1 4 3 orperin(s, PO
k=1
where ¢ is defined by (6.1) and R(p, P*¥) by (3.3).
To evaluate (6.12) we place

(6.13) o=1{ =,

' AR ¥ (t =N,

so that by (6.4),
(6.14) 7() = x(¢)a"
On the basis of this notation and Lemma 4, (6.12) may be written

t
Yam(p) = pPr@m—D {1 + Z a*p~T¥mR(p, P¥)
(6.15) =
+ X(()a I m DR, PM)} :

where the k-sum is taken to be zero in the vacuous case ¢=0. Applying now
(4.1) and (6.14) we get

t
(6.16) Van(p) = pemb {1 (1= pE (opr o=t = an(prmimb
k=1
If we now assume m > 1, the value of the geometric sum in (6.16) is given by
t
(6.17) 2 (ap? A=m)k = gp/A=m(1 — pN)=IT() (tz0),
k=1

the formula holding in case £=0 by virtue of the fact that I'(0) =0. Substitu-
tion in (6.16) leads to the theorem.
In the excluded case, m=1, (6.16) yields

(6.18) ¥ao) = P”‘{l +A =N ot~ ml(t)P"} .

k1
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We have
, { (e = 1),
(6.19) x(o, t) = Z ok = 0 (6 = — 1, t even),
= ~1 (¢ = — 1, odd).

(6.19) holds also in case t=0 since x(c, 0) =0 for either 0 =1 or ¢ = —1. Sub-
stituting in (6.18) and simplifying, we obtain

THEOREM 10. If p, ou, oy, t are as defined in Theorem 9, then the number of
solutions Y2(p) of

(6.20) p = aits + asts (mod P
is given by
(6.21) Ya(p) = p™ + p/ 00 {(p! — Dx(o, t) — on(1) },

where o and n have the same meaning as in Theorem 9 and x(o, t) is defined by
(6.19).

We point out finally the close analogy between Theorem 9 and the cor-
responding result [6, Theorem 8] for GF[p*, x].

7. Sums of an odd number of squares. Suppose (o, P) =1. Then we have:

LEMMA 14. If P is an odd prime ideal, then o is a quadratic residue (mod P*),
N21, if and only if a is a quadratic residue (mod P). The number of solutions of

(7.1) £ = a (mod P)

t+(7)
7))

This is an extension of a familiar result in rational number theory [12,
(8.4.2)], and is contained in a result of Klotz (§8, Corollary 8). It implies
that the number of quadratic residues (mod P*) is equal to the number of
non-residues.

A second lemma, of importance in this section, is concerned with the
function

15

(7.2) T'(p, P¥) = T(p, P*) — R(p, P¥

where R and T were defined by (3. 3) and (5.7 respectlvely Recalling the
definition of p, u, ¢ in (5.23), we have

Lemma 15. If k21,
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1S (y, P t=k—1),

Proof. This result follows immediately from (4.1) and (5.27).
Before stating Theorem 11 let us introduce some more notation:

g (¢ odd, N > ¥),
(7.4) L@) = { (otherwise);

! (t even, X > 1),
(7.5) L@ = {0 (otherwise) ;
o B {2’, (t even),
o _ (=) ™uay - - - azm+1)

where u is defined by (5.23);
(7.8) A(r) = (1 —p)

1 — Pfr(2m—l)
< )’ w = ;/(2)\m—2rm+r).
1 — Pf(2m—l)
We now prove
TrEOREM 11. If P, p, a4, * * * , Qgmy1, ¢ are as defined in Theorem 9, then
the number of incongruent solutions (mod P*) of
A
(7.9 p=afi+ - + csmprbin (mod P)
is given, for all m=0, by
(7.10) Vami1(p) = p2™ — w{p~/A(r) + p=2™L(t) — p~™rL'(1)}.

Proof. Formula (6.10) with s=2m+1 gives the number of solutions of
(7.9). Making this substitution in (6.10) we get

)‘ —al DI a.
Vamia(p) = p*m {1 + 2 prem (———P-k——) (S(1, P¥y)2mt

k=1
Y
: —— ) €ent (P)} .
v (mod g(m?)—l <Pk) T

(7.11)

Applying (5.13), (7.11) becomes

A
Vamsi(p) = prmN {1 + Z akpTRmEDS (1, PF)

k=1
v
. ; (—;> év.u(P)} ,
y(mod P¥),(y,P)m1 \P

(7.12)
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where ¢ is defined by (6.1).
Now let us consider the ¥ sum appearing in (7.12):

(7.13) b PH= T (—"—) era(o).
y(mod PF), (v,P)=1 \P¥
By the definition of R4, (3.3), we have
(7.14) Q(p, P¥) = R(p, P¥), (k even).
Further, by Lemma 14,
(7.15) Q(p, P¥) = 72 enti(p) — ; €va.t:(0), (k odd),
1 2

where the first summation is over a complete set of quadratic residues
(mod P*), v, and the second summation is over a complete set of quadratic
nonresidues, 7ys. Adding and subtracting Ze.,, simultaneously in (7.15), we
have

(7.16) Q(p, P¥) = ZZ €riu(p) — ; er.0:(p),
7 v (mod P7),(7,P)=1

and applying Lemma 14 to (7.16), it follows that
(7.17) Q(p, P¥) = T(p, P¥) — R(p, P¥) = T'(p, P"), (% odd).
Substituting (7.13), (7.14), (7.17) in (7.12) one finds

A
Yampa(p) = pron {1 + 3 prmomnS(1, PHR(p, PY)
k=1(k even)

(7.18) \
4 3 s, PTG, P

k=1(k odd)
(7.19) Yamsa(p) = 9™ (1 + 21+ 20),

where D_jand s represent the first and second sums respectively in (7.18).
We rewrite Y, adopting, as usual, the convention that a vacuous sum is
zero:

2]
(7.20) =Y puitmDS(1, PY)R(p, P%),

J=1
where [\/2] denotes the greatest integer <\/2, and by (4.1),

r

(7.21) D= D pHitmiDS(1, PU)R(p, P%) 4 L(t)p~% -+ (mtD
. i=1

-S(1, Pr+2)R(p,Pr+?),
We may evaluate (7.21), using (4.1) and (5.11):
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dy=(1-— p—!)zr: pifa=2m) — [(f)pf r—2rm—2m)

=1
and summing the progression,

(7.22) 2= — e m{pIA(r) + p2L() .
(Observe that (7.22) still holds for the vacuous case in (7.21), namely the
case r =0, since A(0) =0.)

We note by Lemma 15 and (7.18) that the only case which need be con-
sidered in the sum >, is the case k=¢-+1, t <\, £=2r. One thus obtains by
(7.5),

(7.23) Ss = L'(()op~ (HODS(1, PHY) T (p, PHY),
which gives, on applying (5.11) and (7.3),
22 = Ll(t)o.p—f(t-l-l)(m+1)pftl2S(1’ P)'p/tS(p,, P)

= L'(t)o-(i)p—/(tm——t/2+m+l)s2(1, P).
P

With ¢=2r, we apply (5.13), (6.1), and (7.7) to get
(7.24) Do = L(f)rp/ (—2rm—m),

Substitution of (7.22) and (7.24) in (7.19) leads immediately to the
theorem.

REMARK 2. In the definition of p as a representative element in the ring
R(P*), (5.23), we note that the exponent ¢ of # is uniquely determined. The
unit multiple u, uER(P*), (u, P) =1, is not, however, in general unique. If we
have two such representations of p,

p= 0‘[_4,1 = 0‘[.1,2 (mod Pb),

then it follows, for ¢t <k, that y;=u, (mod P). Thus the quadratic character
of u (mod P) is independent of the choice of u in the representation (5.23) of
p. Hence the character 7 in (7.7) is well-defined in spite of the lack of unique-
ness in the choice of u. (For a discussion of the multiplicative representations
of elements in more general rings, including R(P*) as a special case, see [11].)

8. Special cases and sums of two and three squares. This section con-
sists of three parts. First we make a few brief remarks on quadratic con-
gruences in the rational case. Second we derive, as special cases of Theorems
10 and 11, some Waring type results for sums of squares modulo an ideal
(Theorems 12 and 13). Third, we derive certain results which serve to verify
the main results in §§6, 7. These special cases are contained in Corollaries 5
(s=1,m=0),6 \=1), 7, and 8 (¢t=0, (p, P)=1).

The problem of finding the number of representations of a rational
integer » in the form
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(8.1) n= ale + -+ a,x.2 (mod p)‘) (a; rational)

where (a;, p) =1, p an odd prime, was discussed by Minkowski [18, §§4, 5]
who gave exact formulas in case (n, p) =1 (Corollary 8). We may find explicit
formulas for (8.1) simply by specializing F to the rational case in formulas
(6.6), (6.21), (7.10). This is accomplished by taking f=1 in each formula
and specifying u in the following manner: Choose # positive, #n < p*, and place
n=2p'g, g=u ((g, p)=11if t <\, and g=1 if t=N). The case A\=1 was treated
by Jordan (see Corollary 6).

The cases of two and three squares yield quite simple results. Specializa-
tion to the case s=3, m=1, in Theorem 11 gives

CoROLLARY 1. The number of solutions of

(8.2) p= alEf + 01255: + asE: (mod P)‘)

is given by

(8.3)  Wslp) = p™M{1 + p~/ 4 p (L (1) — 1) — L()p/ 4},
where the quantities t, r, v, L, L’ are defined as in Theorem 11.

The result in (8.3) may be stated explicitly by considering the subcases
arising from different values of ¢ and 7:

COROLLARY 2. The number of solutions of (8.2) is given by

PN+ p7)(1 — p/ D) (A > t, t 0dd),
M+ p) (N>t teven, v = 1),
8.4 =
( ) ‘Ps(P) p”‘f(l + P—f — 2P—I(r+1)) ()\ >t teven, v = — 1)’
PN+ p/ — p/ D) (A =torp=0).

Specializing in the same way in Theorem 10, we obtain a corresponding
result for sums of two squares:

COROLLARY 3. The number of solutions of (6.20) is given by

P+ N — M) (t=2No=1),
P (t=X0=— 1,1\ even),
P/ O=D (t=X 0= —1,X\ odd),
8.5 = 1
®-3 valo) PP = p )+ 1) t<Neo=1),
™M1+ p) t<No=—-1, t?,_'e.ven),
0 (t <\ o= — 1% 0dd),

o being defined by (6.1).
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Inspection of (8.4) reveals immediately that ¥;>0 in all cases. Thus we
have, on the basis of Lemma 13:
THEOREM 12. If A s an arbitrary odd ideal, and if ou, as, az are algebraic
integers prime to A, then every integer p is expressible as a sum of three squares,
2 2 2
p = aify + oy + asks (mod 4).

That every integer p is not necessarily expressible as a sum of two squares
(mod A) follows by inspection of (8.5). In this case we may deduce the
following explicit criterion:

THEOREM 13. If A 1is an ideal with the prime power factorization A
=P} . . - P, and if ay, a; are integers prime to A, then an integer p is not
representable as a sum of two squares,

(8.6) p = aufs + sty (mod A), (4 0dd),

if and only if, for at least one P;, p=0 (mod P,), with the additional restrictions
that the maximum exponent t; to which P; divides p is odd and <\;, and —onya,
s @ quadratic nonresidue (mod P;).

As a consequence of this theorem we obtain

COROLLARY 4. A mnecessary and sufficient condition that (8.6) be solvable
for arbitrary p and for all oy, s prime to A is that A should be a product of
distinct prime ideals.

As a means of checking Theorem 11 in the case m =0, we prove inde-
pendently

LEMMA 16. The number of solutions of

8.7) p = £ (mod P")

s given b
’ ¢ T =N,
(8.8) Yi(p) = {2p/7 (t <\ tleven, t=1),
0 (otherwise),

the quantities t, r, v being defined as in Theorem 11.

Proof. Case 1 (¢t=X\). Here we consider
(8.9) £ =0 (mod P);

by (5.23) any £ satisfying (8.9) is of the form £=p6, (v, P)=1, g<i=Z\,
g=r or r+1 according as A=27 or 2r+1. By the remark at the end of §7, if
we let v range over all y&R(P*) such that (v, P) =1, then repetitions may
arise. However, by Lemma 2, if » ranges over a reduced residue system
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(mod P*%) in 8 (¢=g, - - -, N), then all elements obtained are distinct and
exhaust the possibilities for £. Thus the number of £ satisfying (8.9) is given by
A(Pr0) =p/O—0 = p/ using (3.4).

Case 2 (¢<\, t even, 7=1). In this case, by (5.23), one may take p=0%y,
t=2r, (u, P)=1, 7=(u/P) =1. We consider then

(8.10) = 0%y = £ (mod P*).

But £ is necessarily of the form 67, (v, P) =1, so that (8.10) gives 02 (u —»?)
=0 (mod P*) or

(8.11) v?2 = u (mod P*?r),

Now (8.11) has two solutions (mod P*-?") by Lemma 14. We want the num-
ber of solutions &;=60"v; of (8.10), incongruent (mod P*). But

0"'1 = 0"1/2 (mOd P)‘) 2y = vy (mod P)\—r);

thus there is a 1-1 correspondence between the &; satisfying (8.10) and
the »; (mod P*) satisfying (8.11). Since there are N(Pr) = p/* residue systems
(mod P*?r) contained in a complete residue system (mod P»), it follows
that each solution » of (8.11) gives rise to g/ distinct »; (mod P*"). This
proves Case 2.
Case 3(t<\ and ¢ odd or 7= —1). These cases are obviously insolvable.
One may specialize Theorem 11 to the case m=0 to get

COROLLARY 5. The number of solutions Y1(p) of (8.7) is given by

(8.12) (o) = pf'{l — Lo + (-I’}) oy,

where r, L, L', u have the usual meaning of §7.

This result checks with (8.8).

As a second verification of the results in the two previous sections, we
consider the case of sums of squares in a Galois field GF(p*). This problem
was solved, in the case #=1, by Jordan [15, Nos. 197-200] and later for ar-
bitrary n by Dickson [9, §§64-66]. We put A=1 in Theorems 9, 10, 11, to get

COROLLARY 6. (JORDAN-DICcKsON). If GF(p’) is a Galois field isomorphic
with R(P), if au, - + +, o, are nonzgero elements of GF(p?), and if p&GF(p’)
s arbitrary, then the number of solutions ®,(p) of

(8.13) p=adi+ -+ ab
in GF(p’) is given, in case s=2m, by
pram) — qpf ot (b 0),
8.14 Bom(p) =
( ) 2m(P) {P[(zm—l) + o(p/m — p/(mD) (p = 0),
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where 0 =1 or —1 according as (—1)"oy - - - aam 15 or is not a square of the
field; in case s=2m-+1,

p70 + rp (b % 0),
(8.15) 2rnstp) = {7

p mf (p = 0)'
where T=+1 or —1 according as (— 1) Ypoy - + - Ctomy1 15 OF s not a square of

the field.

For a generalization of this corollary to the case of polynomials in a Galois
field see [4, Theorem 10; 5, Theorem 2] and for a second generalization in
case s=2m [6, Theorem 8].

By taking t=0 in (6.6) and (7.10) we get formulas for the case (p, P) =1:

COROLLARY 7. If oy, - * + , a4 are integers prime to P, then the number of
solutions Y} (o) of

(8.16) p=aifi + - - + afs (mod P, (o, P) = 1,
is gien by

@2m—1) _ f (2 mA—h—m) = 2m),

CRUNEE R ¢ =2

PN rpm @D (s = 2m + 1),

where o and T are defined by (6.1) and (7.7) respectively.

The solution of the problem in (8.16) was given by Minkowski [18, §4]
in the rational case, while a generalization to algebraic fields was carried
out by Klotz [16, p. 255]. Their formulas were given in the implicit form
of the following corollary, which one may verify with no trouble by (8.14),
(8.15), and (8.17):

COROLLARY 8 (MINkOWSKI-KLOTZ). If ¥} (p) represents the number of solu-
tions of (8.16), then
FO-D (-1 1

(8.18) Vo) = p (o).
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